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CHAPTER b = Direct Methods for Solving Linear Systems

EXERCISE SET 6.1

For each of the following hinear systems, obtain a solwtion by graphical methods, i possible.
Explan the results from 4 peometrical standpoint,

a. I+ i =13,

Xy — .xg_:ﬂ.

. o4 =73,
2I| + 41’1 =6

B, X +2x =0,
2xp 4 d4xs =0

g Im+ m=-1,
4x) + ey = -2,
x - 3'.11 = 5-

b.

d.

x;+1r;=1.:'.

X — I;:[:'.

n +2.I} = 3.
—i.x] —411 :ﬁ

hj+ .I;:—"II
i+ I;=:.
x —3x: =3

2.?.’-| + XAy = 1:
21[ +4II —ixy= -1

Use Caussian climanztion with backward subsiition and two-digit rounding arthmetic 1o
sobve che Following linear systems. Tio not reorder the equations. (The exact solution to cach

sysemisy =1 n = -1 x=3)

w. dr, - x4 a3 =8
1r|+5x1-—1x:| '—1.
.l'|-‘-2,x3'r'4.t_1:1].

4I| + +2.I], = g:
2x, 4+ dx; — I = -3,

X1 + X2 —HIE = =l

Use the Gaussian Elimination Algorithm to solve the following linear systems, d-passttte, and

delerrine-whetbar-reav-satirc R -REE-ATLL RSy

H. n— Hntin=1%

3 =3+ x3=-1,
EE O - =,

o 41 =3
X + 1.5.!:53 =45

- 31.'-1 +u.51'3_ - —El.ﬁ._
1F'2|— 21'-14- x3+_::.,={l.3.

e x] + X + x=2,
254Xk Nt I-||=lr
4.I| —.1’2—21'34'1.!'4 --_-'U.

3 —xp— o422 =1L

-+ d.

1.

Zry - lAx; + 3 =1,
—x; +2xy =3,
dx; — 4.5+ 3y = 1

X - -'2-.::1 + 11 =4,
Ing - ;- mdxa=3
x| oz =1

L .
x| 1-1'1+.r_|+x,,1:5.

04+ x + m=1
M+ - nt =1,
—x +2e 4+ 36— 3=4,
3 — xm— m i =3

Use the Ganssian Elimination Adgorithm and single-precision anthmetc on 4 computer (o

solye the followiong linear systems.
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a %I: + %I;' + %13. =9
fx 4+ in+ln=8,
;—I| + A3 =E

b, 3333z, + 159205 — 10.333ry = 15913,
22200 + 16.71m 4+ 9.612x3 = 24544,
1.5611x; + 5.0791xs + 1.6852x, = 84254,

cC. X+ %.1'1 + é):g + L—J:4= %1
b+ o+ bt b=,
%I! +_].—.¥2+ él’l"l' -;1]_:%,
Ly 4imtlnrin=1

d 2u4 x3— x4 x—3x=T,
F | :I.I}'—Jﬁ'{- 13=2, .

—2.1::— X3+ X — 11=—5.
3y 4 oy — dxy + 5x5 =6,
E— X Xt o=l
Given the linear system
1.!.'] —ﬁﬂ'.l’g: 3,
]

o, — =

(X1

a. Find value(s) of & for which the syseem has no solutions.

b Fiond value(s) of e for which the system has an infinite number of solutions.
€. Assuming a unigue solution exists for a given o, find the solution.

Giiver the linsar system

n = m4oaxn=-—1,
—X) +1xg -y =3,

x4 x4+ 13_2. ‘

a. Find value(s) of o for which the system has no solutions.

b. Find value(s) of & for whach the system has an infinite number of saluiions.

e.  Assuming a unigue solution exists for a given ¢, find the solution,

Shew hat the operations

B {AE) — (E) b. (E+lE;) = (E) & (E) e (B

do not change the solution set of a linsar system

Graugs-Jorden Method:  This method is described as follows, Use the fih equation to elimi-
nate ot only x; from the equations E;,q, Eiya, ... | En, 35 was done in the Gavssian climina-
tior pibethid, butalso from By By, o0, £y Upen reducing T4, B o

n N 1y
’7”|t o - 0 .'al.JuH—:

(L} . . r [Z}

o [C0) ' - . lﬁ"l'..vla-l l
[0 e
{ H ()

L 0 0 a.;:] : an.nﬂ_.
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so that new scale factors were determined each time a row inlerchange decision was (0 be
made. In this case, the term a{n — 1) in Eq. (6.7} would be replaced by

Ek{k —-= %n{nz -~ 1)

k=2

As a consequence, this pivoting technique would add Q{n*/3) comparisons, in addi-
tion to the [#{n + 13/2] — 1 divisions. I a systern warrants this type of pivoting, complete
{vr maximafy piveting should instead be used, Complete pivoting at the fth step searches
all the entmies a;;, fori =k, k+1,... .mand f =k k+1,... .1, 10 find the entry with
the Jarpest magnitude, Both row and colamn interchanges are performed to bring this entry
to the pivot position. The first step of total pivoting requires that a* — 1 comparisons be
performed, the second step requires (n — 1) — | comparisons, and so on. Hence the total
additional time required to incorporate cotnplete pivoling inte Gaussian elimination is

$0 - 1y = O 13(2n + 5)
" 6

commparisous. This figure is comparable to the number required for the modified scaled-
column pivoting technique, but no divisions are required. Complete pivoting is, conse-
quently, the strategy recommended for systems where accuracy is cssential and the amount
of execution ume needed for this method can be justified.

EXERCISE SET 6.2

1.  Find the row interchanpes that are required to soive the following linsar systems vsing Algo-

rithm 4.1,
. I]—S'I:—F I_:,E-Ir. b. x4+ xy — x!=.;-|
10x, + Mz, = B, x4 3+ =1, .
511 — I!=4'- 11'1—1.’;‘-1.‘:3:3.
C. ir,—dx+ ey =3, d. Iy 4 Xy =6,
—41 +dx; —bxy = 14, X — 2y, —x =4,
2xy b dxp + 4 = 8, X — T4 a =3,
2. Repeal Exercise 1 using Algorithm 6.2,
3. Repeal Exercise | using Algorithm 6.3.
4. Repeai Excrcise | wiing complete mivoting.
5. Use Gaussian climiniativn and three-digit chopping anithmetic to solve the following lincar
systems, and compare the approximations to the actual solution.  w)th o 'F”I-‘-i o ‘h',ﬂ 3
ﬁ' a. 003z § 5H9x, =592, b 38.9x 4 00%3x;, = 59,2,
53lx, - 6.10x, =470, —6.10x) + 5.31z; = 47.0.
Acrua] solution {10, 13, Actpal soletion {1, 10).
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L. 303 = 2.1 4 L4 = — 119,
-3 4+ 1215 — Txy = 126,
B.llx, — 142z + 21xy = —139,
Actual solution (0. 10, 337,

wed. 33330 + 159200 + 10,3338 = 7953,

17
8.
€ o
10.
11.
12
13.
14.

15

16.

227000 + 167 10r; + 36120 = 0965,
—L.56flx. + 5.1792x, — 1 68552, = 2. 7[4.
Actual solutivn (1, 0.5, —10",

e L1%9t + 2.1lxgs~ L1005 +x = 112,
14.206, — 0.19%%; + 12 2x; — x4 = 3.4,
I —~ 9%y + x5y = 215,

15.32, 4+ 0.1 100z — 13,15y — x4 = 4.16. @
Actual solution (0.17682530, 0.01269269, —0.02065405, —1.18260870) ",

[ ax — ex+2Zny — 31y =411,
wln b oenn - fn+ in=0n
Nﬁxt—‘v@xlﬂ' x!._ﬁ-.-h:.'l.'.
x:‘xl + ij-g - \-51_. N %x; = v'rl
Actual solution (TL7333937E, —3.12541367, 0.1675396680, 4. 557002 52) .

Repeal Exercise 5 using three-digit rounding anthmetic.

Repeat Exercise 5 using Gaussian elimination with partial pivoting, (q 9 é"]
Repeat Exercise 6 using Gaussian elimination with partial pivoting,

Repeat Excreise 5 wsing Gaussian climination with scaled partial pivoting. { &g &}
Repeat Exercise 6 using Gaussian elimination with scaled partial pivoting.

Bepeat Exercige 5 using Algorithm 6.1 with single-precision computer arithmetic,
Repeat Exercise 5 using Algorithm 6.2 with single-precision computer arithmetic, .
Repeat Exercise 5 using Algorilhm 6.3 with single-precision commpurer arilhmetic,
Conziruet &n algorithm for the complete pivonng provedure discussed in the wext,
Use the complete pivoting algorithm developed in Exercise 14 1o obuwin solutions [Ty
&  Exercise 5 b.  Eaercise & v.  Bxarcize 11

Suppose that

21| + X+ 31‘3 =1,
4x, +6x; + HBxy = 5,
@y +orxp + 10 = 5,
with |&| < 10. For which of the Tollowing vadues of o will there be no row interchange required

when solving this system using scaled partial pivening ?
a a==56 h a=9 € ow=-3
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have transposes
7 31 0 M2 3 6 4 ~3
Al=]2 5 5], E’:Hd 5|, C'=| 4 -2 0 .
o -1 -6 17 -1 S .

The matrix C is symmetric since ©7 = O hut the matrices A and A are not.
The proof of the next result follows directly from the definition of the wanspose,

The following operations involving the transpose of a matrix hold whenever the nperation
is possible:
a. (A'Y =4, b (A4 By =4"+ &,
c. (ABY = B'A", d. if A~ exists, then (A~} = (A)~.
|

Any CAS can be used to perform matrix operations. For example, matrix addition
is done in Maple with matadd (4, B} or avalm(A+B). Scalar multiplication is defined by
sralarmul (A, c} ur evalm{c=4),

Mairix multiplication 15 done using multiply (A, B) or evalm{Ak+B). MaTix trans-
position is achieved with transpese (A) and matrix inversion, with inveraa (A},

EXERCISE SET 6.3

# 1. Determine which of the following matrices are nonsingular, and compute the inverse of these

malnces:
[ 4 2 & 1t 2 o
# A k] {0 7 b 201 =1
[ -2 -1 -3 |3 1 1
- A T B B
4 00
e |o o o a L2 -4 2
00 3 21 1 3
L
| -1 0 -2 -4
[4 o0 0 0 2 01 2
6 7 0 0 1 1 0 2z
% 1o 11 4 o0 S
EER L3 -1 4 3

. 2. Consider the fowr 3 x 3 linear systems having the same cosfficient matnx:

Iy =3+ »y=12, 2 —3x; 4 =06,

* Hnt o~ ‘r5=_1l H+ z-— Xy =4,

=x ot ;- dx =0 —X1+ ¥a— 3z =3

11'1—3'.114- I=|=n. 1,'!',—31’14— J3=-n—11

® x4 n- o=l Hnt+ xa— n=0,

=X+ &3 =3 ~X1 4+ xax—dn =0
O
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P Sotve the lincar systems by applying Gaussian elimination to the aapmented matnx

2 -3 1 246 0 =17
I 1 -t -1 4 1 v
-1 1 -3 0 5 -3 0]

£ b Solve the linear systems by finding and multplying by the mverss of

2 =3 1
A= 1 -1
—I 1 -3

<. Which method requires more operations™
3. PRepeat Exercise 2 using the linear systenis

I — I+ — xy=0, X—fz+ 22— =1,
Xy — ki k=4, X - 4+ =1, (‘
211+I1—_3.x}—4,r4.=—2. 2..!’]—|-I1+3I],—4.‘{1=2,

X1+ I3 — rg =35 — X2+ 11— Xa= —1.

4. Prove the following statements or provide countereaamples to show they are nat trae.
a.  The produst of two symmetric matrices is SymmEtTic.
b. The inverse of 8 nonsmgular symmetric matix is 2 nonsiogular syoumetric matrix.
€ W Aand F aea « 0 mateioess, dem (AR = AR,

5.  The following statements wre teeded to prove Theorem 6,11,
a.  Show that if A7 existz, it is unigue.
b.  Show that if A is nonsingular, then (A7) = 4,
. Show thatif A and B are nonsingular A a matricies then (A8 = #-14-1

6. Prove Theorem 6.5,

7. a.  Show that the product of two r a1 lower wangular matrices is lower triangylar,
b Show that the produe: of two # < a2 upper trianguler matrices is upper triangular,
¢ Show that the inverse of a nonsingular a = re lower wiangular matrix is Wever tiiangular,

B Suppose mt linear systems
.4!:“']=1‘l{”, p=12.....m,

are w be solved, cach with the k% » coefficient matrix 4.
#  Show that Gaussian elimination with backward substitation applied Lo the asgmented

matrix
[,q - hilipE ., ,]_.,En:-I
requires
1, , 1 e
3" -+ iR —3n multiplications/divisiong
and

1 1 1
in] +mel_ Enﬂ —mn 4 i additionsfsubtractions.

Y
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Maple has the command LUdeconp to compute a factorization of the form A = PLU
of the matrix A, If the matx A has been created, the function call
>U:=LUdecomp(A,P="G", L='H');

returns the upper triangular matrix L' as the value of the function and returns the {ower
triangular matrix L n ¥ and the pennulation matix P in G,

EXERCISE SET 65

1. Solve the following linear systems:

i ¢ 0z 3 =1« 2
a. 1 0l —2 1 ol =] —1 .
S V! 6 o 3| x I
no oo}f1r 1o £ -1
, 1 0 o1 2 n | = 3
2 -1]|l0 a1 1 i)

2. Consider the follewing matrices. Find the permutation matrix P so that P A can be factored
intoy the product LU, where Lois bower tiangwlar witke 1's on Ly dhagonal and U is upper
triangular for these matnces.

1 2 -1 Mo 1 1
% a A=|2 4 0 O I R
] o=l [

g

11 -1 0 Mo 1 2

, Y1 4l do 1
e A=l 1 204 A=l 2 a0 g

2 -1 23 1 1 2 o

. 3.  Factor the Following matrices inte the LT decomposition using the L7 Factorization Algu.
! #: . - .
rithrn with [; = T forall i,

(2 -1 1° 1012 -2132 3004
A 3030y = n ~2.132 4506 -7T.013
103 5J [3.104 -7.013 u.mJ
2 0 00
X 1 15 0 0
A5 1o -3 05 0
T -2 1 1
¥ : To2.1756 40231 -2.1732 51967
' —4,022 G 0 L1973
d. —10000  ~52107 L1 0
60235 7.0000 0 —a.1561

4. Modify the LU Factorizaton Algorithm so that it can be used to solve a lincar system, and
then solve the following lingar sysiems.
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Step 5 Setk =k+ 1.
Stepd Fori— ..., A et X = x,.

Step 7 OUTPUT (*Maximum number of iterations exceeded '),
{Fhe procedure war successfied)

STOR ]

EXERCISE SET 7.3

#.1.  bnd the brst two iterations of the Jacobi method for the following linear systems, using

ey | B
A2 dn— e+ =L b I - o =19, ¥y
3.1’|+|5.I3+11'3=0. —x|+lf.l-.u— ?J}——-?
Jo + 3+t =4 — Z2xpt 1y, =6,
c. 0k, + Sx =, #d. i+ Xx— X+ ore=-1,
Sr, 4 10z, —dxy =25, g .I|+4.1’1— a— mn=-—l,
— dzy +8r— xy = —11L, - rpFdn 4 x. =0,
1'3+SI.1-——]]. = It Xi43x=1.
e Ay + - o+ X, =6,
—X =M N+ X =,

L

Inp+ s Sn = m= xi=4,
X, - Xy @+ deg =8,

3—.11— .t':|+ x4+4x5:6.

. dx = x; Ta =1,
—x, +4dr; - 13 - X =5, .
Kyt dxg - =10
—&; +dxs— x4 =6
- — Natdag— zy =12
= X = Entd4xs =6

2. Repeat Exercise 1 using the Ganss-Seide] method, ( Jg_? C )
3. Use the Jacobi method to salve the lisear systems in Exereise |, with TOL = 1077 in the £,
NI,
4. Repeat Excroise 3 using the Ganss-Seide] Adgorithm,
5. Find the first two sterations of the SOR methad with e = 1.1 for the following lincar systems,
using x'" = &

a. 311 - Xt Xy = L, b. ]0.."."| - A =9,
de; 4 Bz 4+ 213 =1, —&+ 10x3 = 2oy =T,
I+ ln+Tn =4 — 24+ 10x; = 6.

Py
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Dehne three equations using the Maple commands

FeqQli=3ex]-SexZ+x3=-4=0;
Faqgd eyl +xd-x3+g=l);
>eqd:-=xl 2+x272+x3°2-4=0;

The third equation describes a sphere of radius 2 and center (0, 0, 0), so x1,x2, and %3
are in [—3, 2]. The Maple commands to obtain the graph in this case arc

»with({plotal;
*implicitplot3d{{egl,eq?,egd},x1-=-2. 2, ,x2=-2_ .2 x3=-2,.2);

Various three-dimensional plotiing options are available in Maple for isolating a so-
luticn to the nonlincar system. For example, we can rotzte the graph to better view t
scetions of the surfaces. Then we can zoom into regions where the intersections hie ands
ter the display form of the axes Jor a more accurate view of (he intersection’s coordinates.
For thus problem, a ressonable inttial approximation is (x;, x2, ;) = (—0.5, —1.5, 1 5.

EXERCISE SET 102

1. Use Mewton's metiod with x™ = 010 compute X' for each of ihe tullowing nonlinsar

sysbems.
1 '
WA dcf - 2y - i-‘zr +R=1, b. Sin(dme e — 2o, — = 1],
1 . . o R |
Ex].r; + L —Sn+E=0. . ( ym J {e" — el +dexs — Zex) =10
, o
'3 Jxp —cos(amad — 3= 0, = d. M4y =0
427 - 6252 + Ty — 1 =0, n—x-5=y,
[Omr—3 n+mn+xn-3=4Q,

e 200y o s

2. Lsc the graphing facilities of Maple to approximate solutions o the following nenlinear Y-

tems.
¥ a. ol —x)+4x =12, h. Sxf—af =0,
. (x, — 2% 4 {2xs — 3P =25, X3 - 255N +eosxg) — 0O,
€. 15x; 4 &5 — 4xy = 13, d. 10wy — 26 4o - 23, — 5 =10,
' £ 4100 —xy =11, 8xf +dx] —9 =1,
x} — 28xy = —22, Braxy +4=10.

Y



618 CHAPTER 10 - Numerical Solutions of Nonfinear Systems of Equations

x 3. Use Newton's method to find a solution to the following nonlinear systems in the given do-
main. lterate until |[x® — x* )5 = 107

a. Ixl —zi=0, b Inix 1)) —sin{r sy =2+
Ined —xi—1=10 €17 4 cos(xxa) = 0.
Use x™ - (1, 1) Use 8™ = (2, 2)".

< i —rnn+E=0
a4ty =N
1% - rxy =4,

Use ol = (1, 2, 1.

d. fl.I| *2{:}3(.{1.1’3}-1:0.

Qs + ,v."'.rf+sjn.t_=,+ 106+ 0.9 =10, .
ey + Je™57 4 0w =3 =0
Use x'™ = (0,0, 0",
4.  LUs¢ the answers obtained in Exercise 2 as imittal approairmations e Newton's method. lerate
wntil [t — x#*-%) <1070,

5. The nonlinear syslem
i
Ix; —cos(xux) — 7= {,

1
xl — 62517 — 3=0

e -3
e Ml 4 UXT =0

has a singular Jacobian malrix at the solution. Apply Newton's method with x™ =1, 1-- 17",
Motz that convergence may be slow or may not occur within a reasonable number of iterations. .

6. The nonlinear system

4% — X 4+ 13 = X X4,
—=xi+ Ja; — 23 = 131y,
xy — x4 3xy = a3k,

.
il +ad =

his six solutions.
a.  Show thet if (xy, xz. %4, x2)" 15 2 selution then (—x,, —x7, —x3, —54)" 5 2 solelion.

b.  Use Newton's method three times to approximate all solutions. Iterate uatl [x' -
x‘*":'r = 107,

7.  Show thatwhen s = |, Newton's method given by Eq. (10.9) reduces to the familiar Mewton's
methexd given by Bg. (2.5},

”".a/



